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Quantum dynamics of molecular motions based on a functional method

A. K. Rajagopal and F. A. Buot
Naval Research Laboratory, Washington, D.C. 20375
(Received 22 February 1994; revised manuscript received 27 April 1994)

A time-dependent functional formalism of molecular positions is developed in order to study non-
equilibrium problems. It is based on the Liouvillean quantum field dynamics and is different from the
density-functional framework. It provides a direct self-consistent approach to molecular dynamics of a
system which is initially in thermodynamic equilibrium and is subjected to time-dependent external

force.

PACS number(s): 02.50.—r, 31.10.+z, 03.65.—w

A wide variety of problems concerning the equilibrium
states of matter is successfully treated by the density-
functional theory of systems of atoms or molecules treat-
ed as point particles [1] which we generically call mole-
cules in this paper. This formalism (be it classical or
quantum) is based on the principle of minimum free ener-
gy of the system as a functional of molecular density.
The purpose of this work is to formulate a time-
dependent functional theory of self-consistent dynamical
motions of the molecules which may also find use (e.g.,
dynamical structure factor) in dealing with a large body
of dynamical questions, the resolution of which is outside
the scope of near-equilibrium approaches. Instead of an
extension of the density-functional theory to include the
time-dependent density functional, we employ the molec-
ular positions themselves as the dynamical variables. The
use of molecular positions themselves as the dynamical
variables was successfully employed in a many-body
theoretical framework for studying many physical phe-
nomena, a review of which may be found in Ref. [1]. The
spirit of this work is the same as our recent work [2-4]
on the time-dependent functional theory which general-
ized the density-functional theory for time-dependent
electronic systems [5,6] to include ionic and electromag-
netic fields. This theory would provide a formal frame-
work for investigations of self-consistent molecular dy-
namics simulations of nonequilibrium states of matter un-
der a large class of situations, which may be either classi-
cal or quantal.

A description of essentially nonequilibrium quantum
systems, e.g., a system of electrons in a strong electric
field as in a resonant tunneling device (RTD) subjected to
a time-dependent external bias, and nonequilibrium su-
perconductivity, are usually studied by means of the
time-ordered path and similar methods [7,8] in Hilbert
space (H space). The drawback of this nonequilbirium
H-space scheme is that a functional theory of the many-
body effects cannot be readily formulated. Recently a
convenient and powerful reformulation of the quantum
statistical mechanics, called the nonequilibrium
thermofield dynamics, has been introduced; it possesses
several advantages over the time-path method [9-11] in
H space, even though it is equivalent to it. This theory
employs superoperators acting on the Liouville space (L
space) with a doubled number of degrees of freedom and
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is sometimes called the twin formulation of quantum sta-
tistical mechanics such that any physical property of the
system under consideration can be expressed in terms of
the twins. In this sequel we will call this Liouvillean
quantum field dynamics (LQFD). In LQFD, the conven-
tional equation for the density matrix is replaced by a
Schrddinger-like equation in the L space and the known
“zero-temperature” diagrammatic techniques are then
easily transcribed in this framework. The drawback of
the conventional H-space scheme, namely incorporating
the initial condition of the system which is in thermo-
dynamic equilibrium, has been surmounted in this alter-
native formalism, because a stationary action principle
for determining the time-dependent density matrix is
readily obtained for setting up the nonequilibrium time-
dependent functional theory.

The purpose of the present work is to employ the new
stationary action principle in this L space given in Ref.
[4]. This has enabled us to develop a time-dependent
functional theory, which in the conventional pure state
H-space framework has proven to be successful in its nu-
merical implementation and hence its usefulness [5,6].

We begin with a brief description of this twin formula-
tion as given by Schmutz [11] for the sake of complete-
ness. We consider a system of interacting molecules in
the sense described above expressed in the usual H space.

The Hamiltonian operator in the H space is

H=Ty+Uy . o)

TN is the kinetic energy of molecules of type x with mass
M, in the Ith unit cell,

D2
Fy=3 Py‘é") (2a)

Ik

(we consider k=1, . ..,s, so that there are s molecules in
the unit cell of the crystal), and mutual molecular in-
teraction energy is, for example, a two-body interaction,

Uy= 3 W(R(I),R(I'K)) . (2b)
I I'e
‘We may note that the formalism to be developed is appli-
cable equally when the molecules are not located on lat-
tice sites, as in a liquid, for example, and when the mutu-
al interactions involve multiparticle forces.
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A c-number time-dependent local force F(I/«t) acting
on the molecule at position R(Ik) is represented by the
appropriate Hamiltonian operator

V(t)= S F(Ixt)-R(k) . (3)
I3

This is added to H in setting up the time-dependent (TD)
functional theory where the TD Hamiltonian is defined
by

H,=H+V(). )

The Cartesian components of molecular position and
momentum operators R (/x), P(Ix), respectively, obey the
standard commutation rules in H space,

[R(Ika),R(I'K'a’)]_=0=[P(lka),P(I'K'a')]_ ,
[R(Ika), PU'K'a’)]_ =i#i8 8By -

This is to be contrasted with the conventional procedure
[1] where Eq. (3) is replaced by terms involving the den-
sity of molecules coupled to a TD potential, and thus
leading to a density-functional theory. Equation (3) thus
allows us to formulate a molecular-position-functional
theory suitable for discussing the detailed TD dynamics
of molecular motions of the system.

If p(¢) is the density matrix of the system obeying the
usual von Neumann equation, given that at the initial
time the system is in the thermal equilibrium described
by the density matrix g,

mi’f;‘t—"=[ﬁ,,p<z)]_

Plto)=peg=expl —B(H, —uN)1/Z(B)
Z(B)=Trexp[ —B(H, —pN)]
with Trp(¢)=1 forallt, (6)

where B is the usual inverse temperature, (kz T) !, and p
is the chemical potential corresponding to the fixed num-
ber of molecules in the system, N being the total number
operator. It may be recalled that p., is determined from
a free energy minimum principle. The well-known for-
mal solution of Eq. (6) is

p()=Ul(tty)p(ty)Ultot),

where iﬁ-—a— Ultty)=H,Ul1ty) ,

ot
with Utotg)=1. (6

We will now reformulate the above in terms of the L
space which meets all our needs in the construction of a
time-dependent functional approach to the problem in
parallel to the pure state formalism of Gross and Kohn
[6] in ordinary H space provided we make the necessary
translation of the H-space theory to the L-space formal-
ism. We give here a brief account of this explicitly for
the system described above.

A general operator Ain the H space is represented by
the superoperator twin set ( (A, A) and the algebra of the

superoperators A (A) is a linear (antilinear) representa-
tion of the algebra of the operators A. Operators such as
the Hamiltonian, position, and momentum in the H space
become, respectively, twin pairs of superoperators in the
L space:

H,—(8,H,), R(x)—(R(x),R(IK)),
P(l)— (P(Ix), B(Ix)) .
Defining the unit superket

1)) =3 la,a))

such that ,(1))=H,|1))=((1|H,=(1|H, , (8)

where |a,a))=|la){a|)) with {|a)} any complete set
of kets in the ordinary H space, then an operator 4 in the
H space becomes a superket in the L space defined by

l4Yy=A411))y=4"1)) . (9a)

More generally, a product of any two operators A and B
in the H space becomes a superoperator acting on a su-
perket in the following manner:

|ABY)=A4|B)), |BA))=A4'|B)) . (9b)

(For fermions, A has to be a number conserving operator
for this equation to hold.) The superket in this space,
|p(¢)) ), is here a vector corresponding to the density ma-
trix in the usual H space, and obeys the “supervector”
equation corresponding to Eq. (6) which in the L space
assumes the form

iﬁM»EiﬁD, lp(2))

ot
=|[H,p()]_N=H,lp(t)) , (10)
where H,=H,—H, and
—_— r~
d a
ifiD, = ﬁa ] ifi EY ]

in the same sense as Schmutz [11], with the condition
that the state is initially in thermal equilibrium as de-
scribed above, namely, |p(ty) ) =|p. ). As stated ear-
lier, this initial state is itself determined from a free ener-
gy minimum principle which will be incorporated in this
sequel. This procedure is important in maintaining self-
consistency of the formalism at all levels and on equal
footing. The time derivative operator in the H space is a
superoperator, D,, in view of Eq. (9b), defined in the sense
shown in the left hand side of Eq. (10). We may then
state the usual normalization condition on the density
matrix in the form of a matrix element [11] in the super-
space:

Trp() = 1lp(r) D=1 . (11)

Also the expectation value of any operator A(rt) in the
ordinary H space is just a matrix element of either of its
twin operators A (rt) or A(rt)in the L space [11]:
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CA(e))=Tr[p() A(rt)|=Tr[p(ty) A(rt,24)] ,
where A(rt,ty)=Ultot)A(rt)U(tty) . (12)

This is also expressed as
K1 Ae)lp N =K1 A xr)lp(e))) .

The second line in Eq. (12) expresses the Heisenberg rep-
resentation of the operator A4 (rt).

We can now restate Eq. (10) as a stationary action prin-
ciple in this superspace:

(127

4 —
Altg,t)=14 [ ldtCo(0|iAD, —H)lp(1))  (13)
0

subject to the initial condition, given in Eq. (10), by vary-
ing the left supervector and setting the result equal to
zero. Also, by varying the right supervector, we obtain
the corresponding equation for the superbra. The factor
1 in Eq. (13) is chosen, to account for the presence of the
twins in Eq. (13), so that this expression reduces to the
correct action in the special case when the density matrix
represents a pure state and the left superbra is the unit
vector introduced above. Furthermore, the physical ac-
tion functional is obtained when we choose the left super-
bra to be the unit supervector and the right supervector
to be that associated with the density matrix, in view of
Eq. (11). We will now prepare the initial density matrix
superket to be the equilibrium state or equivalently the
equilibrium density matrix, by a minimum free energy
principle, with the free energy given by

Q=Trpg(0) H, +B 'Inp,(6)]
=( 1|(ﬁ,0—T§)|peq(9)» , (14)

where [p(6))) is the variational thermal state. The cor-
responding entropy superoperator in the L space is

§=—ky(inp) . (15)

In Eq. (14) the first form is the well-known free energy
expression in the usual H space. The variation of () with
respect to P (0) yields the equilibrium state and the
value of ) at the minimum is the free energy of the sys-
tem given initially. In the complex time domain, this
leads to the well-known periodicity, to be discussed sub-
sequently [discussion following Eq. (40)]. A functional
theory holds for this equilibrium state also and thus the
two principles together lead to a new procedure which
maintains self-consistency at all levels and treats in tan-
dem the stationary action principle and its initial state
specification on equal footing. The notations used here
are slightly modified from those in Ref. [11]. With this at
hand, it is now straightforward to formulate the generali-
zation for the pure state time-dependent functional
theory of Gross and co-workers (Ref. [6] contains a good
review of the work in this subject) to include the initial
thermal equilibrium condition. We enunciate here the
essential theorems of this formalism along with their
proofs and point out the advantages of this method out-
lined here. We choose to work in this asymmetric formu-
lation of the L-space quantum dynamics since it has the

distinct advantage that the Green functions of the many-
particle systems defined in this space go over to the real
time matrix Green functions, as was shown by Schmutz
[11]. It thus makes it possible to derive the matrix Green
function equations in the functional formalism which in
turn is amenable to numerical implementation.

Quite generally, the time evolution of the expectation
value of any operator 4 (rt), defined as above, is given by

m% 11 A1) ]p(0))
—_—

+[A(re),H,]_lp(t)) , (16)

“2d(e)
_ . rt
={1| tﬁ—————at

where the time derivative on the left hand side is the ordi-
nary time derivative of a c-number function. This equa-
tion is best understood if we recall the corresponding H-
space version of it and then transform it to the L-space
by the procedures outlined above. Using this equation,
we follow the steps given in Ref. [6] to deduce the impor-
tant theorems of the nonequilibrium time-dependent
functional formalism in LQFD.

The molecular position and momentum operators have
the expectation values

R(Ikt)=Trp()R (Ix) = 1|R(1x)|p(£) )
= 1R ktty)lp(ty)) , (1D

P(lxt)=Trp()B(Ix) = 11P(1i)p(2) )
=((11BUxtty)lp(ty)) . (18)

The last terms in the above serve to define the corre-
sponding Heisenberg representation in LQFD. We will
now state and prove the mapping theorem.

Theorem 1. For every force F(Ixt) on the molecules
which can be expanded into respective Taylor series in
the time coordinate around ¢t =t,, a map

F(lxt)—>R(Ikt)

is defined by solving the time-dependent Liouville equa-
tion with a fixed initial state and calculating the corre-
sponding coordinate and momentum at later times. This
map is invertible.

Proof. 1t is important to note that the minimum free
energy principle assures us of the above mapping at the
initial time. This follows by a reductio ad absurdum ar-
gument similar to the one given for equilibrium situations
in Ref. [12]. The Taylor expansion then provides the
mapping for succeeding times after ¢z, as in Ref. [2]. We
supply the details below.

The first step follows from the minimal property of the
free energy associated with the initial density matrix,

Pl1g)=Peg(0) ,

R (19)
Qe[p'1=11(A, —TS)|p) ) Qe[p] for p'#p .

We examine the map F(/xt5)—R(Ikty) by considering
the Hamiltonian H, =H, +V'(t,)—V(t,), with its den-
sity matrix p'(¢,), the average ion positions R’'(/kt,), and
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the associated free energy Qp[p’] which is manipulated
to the form

Qp[p']1=« 1|<f§',’0 —T8")|p' )
=Qp[p']+ 3 [F'(Iktg)—F(lkty)]-R'(Ikty)
Ix

> Qp[p]+ S [F'(Iktg)—F(ikty)]-R'(Ikt,) .

Ik
(20)

The last line follows upon using the minimal property of
Q. In the same fashion reversing the primed and
unprimed quantities above we obtain

QF[f)] >QF'[pI]+2[F(1Kt0)_F’(tho)]'R(tho) . (21)
Ik

We see-at once that the assumption R(/kty)=R'(/kt,)
leads to contradiction. Thus different forces F(/«xt,) and
F'(lkt,) always lead to different equilibrium positions. In

|

other words, the initial positions determine the initial
forces and the density matrix can thus be considered as a
function of the initial positions of the ions.

The second step is to demonstrate that the ion posi-
tions and momenta evolving from a common initial densi-
ty matrix of the system in thermodynamic equilibrium
under the influence of two different TD forces F(lxt) and
F'(Ikt) which are identical at the initial time are always
different provided the forces obey some conditions to be
specified presently. We assume that these forces can be
expanded in respective Taylor series around tz,. Then
there must exist a non-negative integer k' such that

o
2| (R —F ()70 22)

We will now prove that R(/«t) and R'(/«t) are different
if Eq. (22) holds for k'#0. First we show that the mo-
menta P(/kt) and P’(Ikt) are different. Remembering
that we consider only those density matrices that evolve
from the given initial equilibrium density matrix, upon
using Eq. (16), we have

. d S '
tﬁ:i;[P(th)—P’(th)],=,0=(( 1|[1>(1K),1f?,0—1f1r,0 1-lp(te) M

=i#[F(lkty)—F'(Ixty)] .

If F(/xt) and F'(Ikt) are not equal at t =t, i.e., Eq. (22)
holds for k’'=0, then the right hand side of Eq. (23) will
be nonzero and so P(/«kt) and P’(I/«t) will not be equal for
t infinitesimally later than ¢,. If the minimum integer k'
for which Eq. (22) holds is greater than zero, then Eq.
(16) has to be applied k' times, so that we have

K +1

[PUkt)—P'(kt)], =,

-

This implies that P(/«t) and P’'(I/kt) are different at
infinitesimally later times than z,. We now make use of
the relation

., d
lﬁdt

y
[F(lkt)—F'(Ixt)] . (24)

t=t0

., d
lﬁdt

d , _ 1
< [RUkD—RUkt) =4

[P(lkt)—P'(Ikt)], (25)

K

which follows from Eq. (16), and is the well-known rela-
tionship between average position and the average of its
conjugate momentum of a particle (Ehrenfest). Taking
the (k'+1) the derivative of this equation and using Eq.
(24) we obtain

k'+2
4
‘dt

[R(Ikt)—R'(Ikt)], =,

_ 1
M,

&
[Flkt)—F k)] . (26)

d
dt

(23)

Following the same arguments as in Refs. [5,6] if Eq. (22)
holds, the right hand side of Eq. (26) cannot vanish.
Thus the ion positions become different infinitesimally
later than ¢,.

Since we consider, by construction, only density ma-
trices p(¢) and p'(¢) that evolve from the same initial state
plty), the positions as well as the momenta of the ions are
identical at the initial time and evolve subsequently to be
different as demonstrated above. Thus, we have estab-
lished the 1 to 1 correspondence between the time-
dependent positions of the ions and the external forces;
the external forces, on the other hand, uniquely deter-
mine the time-dependent density matrix, which can
therefore be considered as a functional of the time-
dependent positions:

p)=p[R](1) . 27

As a consequence, the average value of any quantum
mechanical operator is a unique functional of the ionic
positions:

A(rt)=Trp(t) A(rt)= A[R](rt) . (28)

These arguments, it may be noted, run parallel to those
used in the pure state theory in Refs. [5,6]. The conse-
quences of this theorem will now be explored in the same
spirit as in these references.

Theorem 2. There exists a functional D[R(I/«t)] such
that

%R(lxt)=M;1P(th) : 29)
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and
%P(lxt)=D[R(1Kt 1, (30)

with the given initial conditions
R(tho) and P(tho) .

Proof. The proofs of these statements follow from Eq.
(16) and the definitions, Eqs. (17) and (18). Equation (29)
is easily derived whereas Eq. (30) needs a little manipula-
tion. We obtain

m%r(zm y=(1|[BUK), B,1_|p(6) )
= 1|{—i#F(Ixt)+[Px), B]_}|p(1))
and hence

a0y

K

D[R(Ixt)]=—F(Ixt)— 1

) (1)) (31)

after working out the commutators and using the general
result, Eq. (28). A more practical result is obtained by
using the stationary action principle, which we shall now
discuss.

Theorem 3. The physical action

t —
A[RUk)]=1 [ 'de 114D, —H,)lp(1) ) (32)
0

may now be represented as a functional of the molecular
positions. It can be rewritten as

t
A[R]=B[R]— [ 'drSF(xt)-Rilxt), (33)
Ik

where B[R] is a universal functional of molecular posi-
tion, which holds for any external force, F(/«xt). The ac-
tion, Eq. (32), is stationary at the exact molecular posi-
tions of the system, which can be computed from the sta-
tionarity condition

SA[R] _

SRUIxt) 0 with given R(/kty), P(lxty) . (34)

2

ngat—zDaB(th;l'K’t')=—SGBSHISKK'S(t—t')— S [ar

Lk

In equilibrium, Eq. (40) is replaced by a similar equation
with the Green function D replaced by its equilibrium
counterpart, which possesses periodicity in the imaginary
time domain, and the functional B, replaced by its corre-
sponding free energy functional, (2,, given by Q°—Q,
with Q given by Eq. (14) and QF defined as the free energy
of the noninteracting molecular system as above. More-
over, the time ¢, integration is replaced by f ;g 'Bdtl.

It may be worthwhile to point out the relationship of
the equilibrium part of the above theory with the self-
consistent phonon theory [14] whose basis is the free en-
ergy, Eq. (14) and approximations thereof. This theory
therefore provides us with {2; mentioned above and hence
also the equivalent dynamical force constants which are

The given initial conditions are themselves determined
from the equilibrium free energy functional ) given by

Eq. (14):
50

SR(Ixey) ° 2nd PUxto)=MRxto). (33

Proof. The proof follows in two steps as in the proof of
Theorem 1. We first observe that the initial density ma-
trix is a functional of R(l«ty). Then, following argu-
ments similar to the one in proving Theorem 1, we show
that the subsequent density matrix is a functional of
R(Ikt), as in Eq. (28). These arguments then directly es-
tablish explicitly that B[R] is a functional R(/«t) and is
given by

B[R]=1 [ 'dr 11D, ~H)lp(0)) . (36)

Since the action is stationary for the exact solution of the
density matrix equation the -corresponding functional
given above must also be stationary for the exact time-
dependent molecular positions of the system. A more fa-
miliar version of the equations of motion is obtained by
introducing the corresponding noninteracting density
matrix |p,(2))) and action B,[R] for the molecules, given

by B[R]=1[ 'dt € 1|(i#D, — Ty)lp, (1)) so that we
obtain the equatioon

M R(lkt)=—Fgllxt), 37

5B,

Feﬂ(lkt)=F(lxt)_m ;

(38)

where B;[R]=B°[R]— B[R], with the given initial con-
ditions. It is useful to express these equations in terms of
the Green functions defined by [13]
D ixt:] \ OR ,(Ikt) (39
t; ’ ltl —_ @
ap\tK K BFB(I’K’I') )

so that we now have the equation for it in the form for
real times,

8°B,[R]
S8R ,(Ikt)8R,, (Ikt))

D, gLkt I'K't’) . (40)

-
just the second derivatives of ; with respect to posi-
tions.

In summary, we have here developed a time-dependent
functional theory of molecular motions which addresses a
different class of self-consistent molecular dynamics prob-
lems than the molecular-density-functional theory. This
theory is applicable to nonequilibrium situations as well.

We thank Professor T.V. Ramakrishnan for the direct-
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fulness of the framework developed here. This work is
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